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THREE-DIMENSIONAL INVERSE DESIGN
OF AXIAL COMPRESSOR STATOR BLADE
USING NEURAL-NETWORKS AND DIRECT
NAVIER–STOKES SOLVER
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In this article we describe a new method for the aerodynamic optimisation and inverse design problem
resolution. This method is based on the coupling of a classical optimiser with a neural-network. A Navier–
Stokes flow solver is used for an accurate computation of the objective function. At first, the neural-network,
which has been trained by an initial small database, is used to obtain, by the interpolation of the design
sensitivities, a new design point, which is then computed by the Navier–Stokes solver in order to update
the neural-network training database for further iterative step. Since the neural-network provides the optimiser with the derivatives, the objective function has to be evaluated only once at every step. By this method, the
computational effort is significantly reduced with respect to the classical optimisation methods based on the
design sensitivities, that are computed directly by the flow solver. The method proposed has been positively
tested on the inverse design of a three-dimensional axial compressor blade, and a summary of the results
is provided.
Keywords: Neural network; Inverse design; Design sensitivities; Navier–Stokes; Axial compressor blade

1. INTRODUCTION
An inverse design problem consists of the design of an aerodynamic shape with given
performances. To perform the design, it is usually required to minimise some objective
functions. At present, with reference to fluid dynamic problems, it is possible to distinguish two different approaches. The first one [1] combines the optimisation algorithm
with a direct solver. This method is usually flexible, because the optimiser and the solver
are independent, and the user has the freedom to choose the best available solver for the
problem at hand. Nevertheless the computational effort can be very large: in fact the
research of the function minimum is iterative and, at every step, the number of analyses
is close to or even greater than the number of variables.
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The second approach [2] is based on a dedicated flow solver, that at every global
iteration, after each computation of the flow field, provides the sensitivity derivatives
with respect to the design parameters using the adjoint method [3]; by these derivatives
it is possible to update the design variables at each iteration. However, this method lacks
in adaptability, since it is not possible to integrate an arbitrary, possibly commercial
CFD code, and any new application would need a re-building of the code.
A new class of optimisation algorithms is based on the link between response surface
and stochastic algorithms [9,12]: the main idea is to reduce the computing cost of the
optimisation phase by using interpolated values of the objective function.
In this article a new methodology, related to the last one, based on the interpolation
of the design sensitivities by a neural-network, is shown. This feature allows a
remarkable reduction in the number of flow simulations. Another interesting feature
of this method is the independence from the kind of problem, it means that we can
solve a different optimisation problem using the same algorithm and the same routines,
by simply changing the objective function. In fact, the classical methods based on the
analytical derivatives need to adapt the algorithm which calculates the design sensitivities to the current objective function, while our method interpolates the derivatives by
the neural-network, that is independent from the objective function. To test this
method, we have chosen a turbomachinery inverse design problem.

2. PROBLEM DESCRIPTION
The objective of this inverse design problem is to find a corresponding stator blade
geometry that yields a prescribed target pressure distribution, starting by an arbitrary
geometry. The target pressure distribution corresponds to a stator blade of an axial
compressor that has been previously designed [8] modifying the geometry of a single
stage compressor built in 1992 in our department.
The choice of an inverse design is due to the fact that it is more reliable to test the
methodology efficiency, since the comparison of the target distribution with the
obtained one is direct.
In Table I, the machine global performances relative to the best efficiency point are
reported. The rotor and stator blades are realised through the use of NACA 65-(cl0)10
profiles [7]. These profiles are the classical low subsonic compressors ones, characterised by an arc of circle as camber and by a maximum thickness of 10% of the
chord length. The number of blades is fixed to 16 for the rotor and 18 for the stator,
while the aspect ratio (ratio of the blade height and the profile chord length) is 2.0
for the latter and 2.2 for the former. Since the blade height is 170 mm (the hub
radius is 130 mm and the shroud radius is 300 mm), the rotor profile chord length is
77 mm while the stator one is 85 mm, and they are both constant in the radial direction.
The aspect ratio value chosen is rather low, and this choice is justified by the fact that

TABLE I Machine global performances
Rotation speed
Mass flow
Total head
Total efficiency
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the compressor is a single-stage machine, and thus it requires a higher pressure load.
A low aspect ratio, in fact, usually gives higher load, higher efficiency, and higher
stall pressure.

3. ALGORITHM DESCRIPTION
The first task is the geometrical parameterisation of the stator blade shape and the
realisation of a three-dimensional mesh. Then an initial modified configuration is
chosen as the starting point of the inverse design. Further, an appropriate number of
design points close to the initial configuration (see Section 3.5) are chosen and their
objective function values are used to define the neural-network initial training set.
Once the network is trained, the algorithm may be provided by the interpolated derivatives to find the new design point. In a further step the network training set is updated
by the objective function of the new design point calculated by the flow solver. The
search continues iteratively until the convergence criterion is satisfied.
3.1. Parameterisation and Numerical Simulation
For the simulation of the flow through the compressor we have defined a threedimensional multi-block structured mesh, completely parametric, using the CFXTascflow commercial code (Figs. 1 and 2). The mesh is characterised by four main
blocks. The two central ones contain the rotor and stator blade geometry, both defined
properly by four sections. Since the machine is axial-symmetric and the lateral surfaces
of the two blocks are defined as periodic boundaries, the dimension of these blocks is
influenced by the number of blades of the rotor and the stator. In addition, there is also

FIGURE 1 View of the mesh and the calculation domain.
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FIGURE 2

View of a section of rotor and stator mesh.

an inlet block, that drives the flow towards the rotor, and an outlet block, whose function is to give the flow a freedom to expand. For these reasons we apply a boundary
condition of mass flow fixed in correspondence of the inlet (3.6 kg/s as defined by
our design conditions) and a static pressure boundary in correspondence of the
outlet, fixed to the atmospheric value. The numerical code applies the equation relative
to the inertial body forces due to the rotation in the region defined by the rotor block,
and thus it is necessary to define the interfaces between that block and the two contiguous ones as a stage. At the interface between the rotating impeller outlet and the
stator inlet, the stage averaging option has been used. This means that circumferential
averaging occurs as the flow crosses across the interface, assuming a complete mixing
of the upstream velocity profile.
The numerical code is based on the Navier–Stokes equations, while the turbulence
model used is the standard k–", that introduces some wall functions in the boundary
layer. The total number of nodes in the mesh is about 300 000, and in particular, for
the rotor and stator blocks, the nodes number in i-direction (inlet to outlet) is 80, in
j-direction (periodic to periodic) is 42, while in k-direction (hub to shroud) is 36. The
mesh size has been chosen in order to respect the yþ number (50–500) in correspondence of the boundary layer, necessary for accurate extrapolation of the wall
functions. While the mesh is fine enough in correspondence of the blade surface, far
from it the mesh is coarser to reduce the calculation time with low impact on calculation
accuracy. The mesh control points have been parameterised in such a way that the mesh
quality is not altered at the variation of the profile shape; for instance, the distance
between some control points is parameterised as a function of the chord length. The
calculation convergence (using maximum residuals of 1  e4) is achieved after three
hours of CPU time using a double processor PENTIUM III 550 MHz 128 MB.
However, since CFX-Tascflow provides the option of parallel solution, the calculation
time has been considerably reduced (to about one hour) through a Linux cluster,
available at the CAD/CAE Laboratory of our department.
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3.2. Geometric Parameterisation
With reference to the stator shape definition, we have chosen 15 variables, which are
described in Table II. These variables reflect the common procedure of blade design
according to the NACA profile theory [10].
From the initial geometry of the profile NACA 65-10-10, defined by a standard
camber and thickness, both dimensionless with respect to the chord length, we have used
these variables to change the blade geometry and to define four sections of the stator.
The variable Ar, or aspect ratio, defines the ratio between the blade height, which is
fixed to 170 mm, and the chord length. The original stator was characterised by an Ar
value of 2.0, and we have chosen a range of variation around that value. Defined in that
way the chord length, the camber of the NACA profile is modified by adding to it point
by point a third order Bezier curve, which is defined by four control points. The Bezier
curve is a regular and continuous function, whose tangents on the extremities are
defined by the straight lines passing through the first two and the last two control
points. The initial and last control points are fixed in correspondence of the leading
and trailing edge of the profile, while the abscissas and ordinates of the two central
points, free to change their position, are defined in order of the four
variables, Bezier1–Bezier4.
The NACA profile thickness is also changed, multiplying the original value by the
variable Thick, which changes from 0.5 to 1.2. A geometric control has been added
to avoid too low thickness along the blade profiles: if the distance from the upper
side to the lower one is less than a minimum value (1% of the chord length) in some
points of the blade profile, it is kept constant. The new profile so defined is rotated
by different angles in the four sections placed at radius equal to 130, 186, 243, and
300 mm, respectively, and this angle is controlled by the variables Psi1–Psi4.
The variables Cl1–Cl4 define how the curvature of the four profiles change with
respect to the original one. Known the coefficient Cl of a section, it is possible to multiply the camber ordinates by it, obtaining a higher or lower curvature.
The variable Stagg defines the value of the stagger in the tangential direction. In
other words, the barycentre of the stator sections is not placed on the same radial
line, but on a line which is shifted by a certain angle in the tangential direction. The
tangent of this angle is defined by the ratio between the variable Stagg and the
shroud radius (300 mm).
TABLE II Fifteen initial variables and their range of variation
Aspect ratio
Blade thickness
Stagger
Parameter Bezier1
Parameter Bezier2
Parameter Bezier3
Parameter Bezier4
Coefficient Cl, section
Blade angle, section 1
Coefficient Cl, section
Blade angle, section 2
Coefficient Cl, section
Blade angle, section 3
Coefficient Cl, section
Blade angle, section 4
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3.3. Objective Function
In this inverse problem, the blade pressure distributions along the surface, p(z,var),
should minimise the differences with the target pressure distribution, ptarget(z), where
z is the dimensionless axial co-ordinate with respect to the chord length and var is
the vector of the design parameters. The choice of a dimensionless co-ordinate is due
to the fact that the objective function should be independent from the chord length,
which is a variable.
Since every two-dimensional section is subdivided into Ntot(¼ 90) nodes and the
whole blade is subdivided into Nk(¼ 36) planar sections, the inverse problem objective
function, which should be minimised, is given by the following equation SumP:

SumP ¼

Ntot 
NK X
X
pi, k  ðziþ1, k  zi, k Þ

ð1Þ

k¼1 i¼1

where
1
1
pi, k ¼ ð pðziþi, k , varÞ þ p ðzi, k , varÞÞ  ð ptarget ðziþ1, k Þ þ ptarget ðzi, k ÞÞ
2
2

ð2Þ

and where zi,k is the co-ordinate z of the node i of section k.
Usually, in a common inverse design problem, a quadratic objective function is used,
but in this work we have considered a ‘‘flat’’ function (absolute value instead of
squared), which is more suitable for our neural-network. In fact, in the case of pressure
distributions close to the target, the infinitesimal order of the error function (Eq. (1)) is
smaller than a quadratic function, thus the neural-network can appreciate a greater
difference and can be trained in a better way. In Table III we may find the parameters
and the objective function of the initial and target blade shapes.
3.4. Neural-Network
The neural-network model is a non-linear function that allows the extrapolation of a
multi-variable function. The net, imitating the human learning process, associates a
set of inputs, the variables, to their output, the objective function. Through this process,
called training, the neural-network ‘‘learns’’ the function and can extrapolate its value
in an unknown design point.
A multi-layer feed-forward [4] neural-network is chosen because, according to our
tests [11], this is the most appropriate architecture for this kind of problem, because
it may give efficient results in adequately reduced calculation time. The nodes, which
are the basic unity of neural-networks, are distributed on more layers and each node
communicates only with the nodes of the following layer.
The first layer gets the input data, whereas the internal layers, also called hidden
layers, and the last one get the following values:
Netik ¼

Ni1
X

Wj,i k  oi1
j

ð3Þ

j¼1
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TABLE III Fifteen initial and target parameters and their objective function
values

Ar
Thick
Stagg
Bezier1
Bezier2
Bezier3
Bezier4
Cl1
Psi1
Cl2
Psi2
Cl3
Psi3
Cl4
Psi4
SumP (Pa m)

Initial blade

Target blade

1.90000
0.85000
36.00000
0.50000
0.00000
0.50000
0.00000
0.00000
2.00000
0.30000
2.00000
0.30000
2.00000
0.30000
2.00000
281.79016

2.00000
1.00000
37.50000
0.37500
0.17900
0.37500
0.11450
0.08347
3.74300
0.10000
2.24500
0.10000
1.00000
0.10000
2.75000
0.00000

where: i is the index of current layer; k is the index of current node of layer i; Ni  1 is
the number of nodes of previous layer; Wj,i k is the weight connection between the node j
of previous layer and the node k of current layer i; oi1
is the output of node j of
j
previous layer. The output of the first layer are the variables and the output of
the last layer is the extrapolated value of function.
We calculate the oi1
value with a non-linear function  named Quadratic Sigmoid
j
Function (QSF) [5] with the expression below:


1


oij ¼  Netij , ij ¼
ð4Þ
Net2i, j þ 2i, j
1þe
where i, j is the threshold value. This parameter is used to improve the accuracy of
the neural-network, since it gives a further degree of freedom. The initial values of
weights and thresholds are random, therefore the extrapolated initial value of the
function is incorrect. Nevertheless it is possible to compute the error through the
function values of the training set. The weights and thresholds are updated in order
to minimise the extrapolation error (see Eq. (5.1)), until the relative errors between
each real and extrapolated value (ti  outi) is lower than 2%. To update the weights
we employ a Fast Learning Algorithm that we have developed modifying the
Silva Almeida’s Algorithm [3]. So the weights are modified by adding the following
term at every interaction:
Wj,i k ¼ j,i k

@E
@Wij, k

ð5Þ

where: Wj,i k is the weight updated; j,i k is the learning rate; E (see Eq. (5.1)) is the
error function, defined by the sum of the squared differences between the m real
values of the function ti and the output of the neural-network outi
E¼
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To improve the convergence velocity, an adaptive method to minimise iteratively the
error function has been used (Eq. (6)). The learning rate is local [4], so that it is possible
to employ a different  j,k for each direction in weight space. In this way, these values
increase if the gradient direction maintains its sign as constant. In formulas:

j,ðnþ1Þ
k

¼

8
< j,ðnÞk  u

if rj, k EðnÞ  rj, k Eðn1Þ  0

:  ðnÞ  d

if rj, k EðnÞ  rj, k Eðn1Þ < 0

j, k

ð6Þ

where n is the number of the iteration, u is a constant with value >1 whereas d is<1.
3.5. Search of the Minimum
The minimisation of the objective function is obtained by a gradient-based method. This
choice may seem naı̈ve, but in this way we show unquestionably that the neuralnetwork could extrapolate accurately the gradient function without additional
computational cost.
The search of the minimum is iterative and every step corresponds to an update of the
design variables:
ðn1Þ

varðnÞ
 molt gradðnÞ
i ¼ vari
i 

@SumP=@vari
 þ MOM  varðn1Þ
i
@SumP=@vari 

ð7Þ

where: varðnÞ
i is the i component of variables vector at the iteration n; molt_grad is the
variation step of the input parameters,
(
molt

gradðnÞ
i

¼

molt gradðn1Þ
 ug
i

if ri SumPðnÞ  ri SumPðn1Þ  0

molt gradðn1Þ
 dg
i

if ri SumPðnÞ  ri SumPðn1Þ < 0

ð8Þ

where ug and dg are other constants, >1 and <1 respectively. @ Sump/@vari is the
first derivative of objective function; MOM is the momentum term; varðn1Þ
is
i
the i component of the previous step. Therefore the design sensitivity is used only
for the sign evaluation, and the lengths of the steps are obtained by the molt_grad
terms.
To avoid an excessive acceleration or deceleration, a minimum value for the step
length, mgmin,i, and a maximum value, mgmax,i, are enforced. The algorithm covers all
the design space with an nvar-dimensional grid of side mgmin,i and an nvar-dimensional
grid of side length mgmax,i. The individual one-dimensional steps can move on all
possible intermediate grids.
Usually we define the start step as follows:
molt grad ð0Þ
i ¼ 0:5  ðmgmax , i þ mgmin , i Þ:

ð9Þ

When the minimum of the function lies in a narrow ‘‘valley’’, if the gradient direction
is taken, it may produce wide oscillations of the search process. To avoid this problem,
we have introduced a momentum term (MOM), that is a weighted average of the current
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step and the previous correction. The introduction of the momentum rate allows
the attenuation of the oscillations, nevertheless, when we are close to the minimum,
the gradient method shows its own limits and the oscillations are inevitable.
The first derivatives of the objective function are evaluated with forward difference as
follows:
@SumP SumPðvari , . . . , vari þ i , . . . , varn, var Þ  SumPðvar1 , . . . , varn, var Þ
¼
@vari
i

ð10Þ

where, the second term of the numerator is the function on the current point calculated
by the flow solver, whereas the first one is evaluated by the neural-network in a few
seconds.
When the new design point is found by the derivative (Eq. (7)), its objective function
value is evaluated by the flow solver. Then the training set of the neural-network is
updated by adding the new design point and deleting the point which is even further
from the new one. Therefore the training set keeps always the same dimension
n_max. Usually, this parameter is close to the variables number nvar, and is fixed,
since the neural-network is initialised by the starting training set. In our algorithm,
the starting training set is given from scratch by a DOE (Design of Experiment) algorithm. The variables range is centred in the initial design and fixed to 20% of the global
range of variation (Table II).
We face a problem when we are close to the minimum, as there is an excessive density
of data. Then the noise of the objective function can influence the training process. This
problem may be avoided, by initialising the weight of neural-network at every step, so
the learning process is strictly local and the net does not preserve the memory of the
points that have been previously deleted.

4. RESULTS
The technique described above has been tested by performing the inverse design of the
three-dimensional compressor blade previously described, in subsonic flow conditions.
We will show that our method reaches the minimum objective function requiring small
number of design evaluations. We assign the following values to the parameters of our
algorithm (Table IV). The value of mgmax,i is set in order to reach the upper bound of
the i variable in at least 20 steps if the gradient is constant. The minimum step allowed,
mgmin,i, is one-hundredth of the i variable range; this choice avoids too small oscillations in a narrow valley. The other parameters are almost standard, in fact a lot of
similar problems have been previously studied using the same values [11].
It is possible to observe in Fig. 3 the down course of the objective function: on the
minimum zone, we may notice some uncertainties, but an interesting result (33 Pa m)
is reached in just 27 steps, that is, by 27 flow analyses. So the calculation effort is
low. As the function SumP is characterised by some numerical noise due to error tolerance in the neural-network training (see Eq. (5.1)), and this noise may be approximately estimated to 15 (Pa m), we may conclude that the result is close to the target.
In Fig. 4 we show the comparison between the pressure distribution on the stator
blade surface of the initial, optimised, and target configuration. The comparison is
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TABLE IV Algorithm parameters
n_layer
Nh1
Nh2
n_max
N_step
u
d
MOM
ug
dg
mgmax,i
mgmin,I
I

2
8
8
25
30
1.2
0.4
0.1
1.2
0.4
(varmax,i  varmin,i)/20
(varmax,i  varmin,i)/100
(varmax,i  varmin,i)/40

Number of hidden layers
Nodes of first hidden layer
Nodes of second hidden layer
Points of training set
Highest number of steps
See above
See above
See above
See above
See above
See above
See above
See above

FIGURE 3 Profile of the objective function.

relative to the three sections placed on 8% (k ¼ 3), 50% (k ¼ 18), and 92% (k ¼ 33) of
the blade height.
We want to stress that, even though the initial distributions of pressure are very
dissimilar from the target ones, our results are close enough to the target. An evident
difference, visible in Fig. 4(a), is present only in correspondence of the leading edge.
This error could be due to the choice of the objective function. In fact, since the integral
of pressure is calculated as a function of the z-axial co-ordinate, in the region close to
the leading edge, the difference (zi þ 1,k  zi,k) (see Eq. (1)) is particularly small, and thus
this term does not contribute adequately to the whole expression SumP.
We could have given more extrapolation accuracy to some points introducing a
weighted sum, anyway it is possible that the mesh distortion given by certain blade
geometries produces some numerical ‘‘noise’’ to the extrapolated function, and so it
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FIGURE 4 Pressure distribution at k ¼ 3 (a); k ¼ 18 (b); k ¼ 33 (c) section.

FIGURE 5 Start, final, and target profiles at constant K plans.

is difficult to avoid completely the extrapolation error. In fact, it is possible to note
in Fig. 5, the start and the target geometries are largely different. In these cases, the
parametric mesh has to be very flexible, although it cannot be completely suitable
for every profile. This flexibility, as discussed in Section 3.2, has partially been assured
by a parametric mesh. However, we have built a mesh that is more suitable for the
initial shape, so it is likely that the final steps were adversely affected by the mesh
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noise. This happens in particular after the sixteenth algorithm step (Fig. 3), after which
the convergence descent is slowed down.
The global accuracy of the results is however also proved by the comparison between
the blade shapes on four different sections (Fig. 5), in which it is possible to note a
satisfactory reconstruction of the target geometry except for the leading edge of the
root section (k ¼ 3), according to the pressure distribution in Fig. 4(a).
In Fig. 6 we compare the velocity field of the initial configuration with the final
and the target one, in correspondence of the three sections (k ¼ 3, k ¼ 18, k ¼ 33).
The differences of the final field from the target one are small; they are however not
only limited to the stator field, but are also present in the rotor field. Even though
the rotor geometry remained unchanged, it seems that the stage averaging option of

FIGURE 6 Velocity field of initial (a); optimized (b); and target (c) configurations at K ¼ 3, K ¼ 18, and
K ¼ 33 sections.
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CFX code (Section 3.1) influences both the two regions, since it introduces a mixing of
the upstream velocity profile with the downstream one.
Finally we show the comparison of the pressure field between the starting, optimised,
and target stator blade, relative to the pressure side (Fig. 7a) and to suction side
(Fig. 7b).

FIGURE 7a Pressure fields (Pa), initial (a), optimized (b), and target (c) configurations; pressure side.

FIGURE 7b Pressure fields (Pa), initial (a), optimised (b), and target (c) configurations; suction side.
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5. CONCLUSIONS
In this article we have described a new optimisation methodology, based on the integration of a neural-network with a classic algorithm based on the objective function derivatives, and its application in the solution of a complex three-dimensional inverse design
problem. This method makes possible a remarkable reduction of the flow simulations
necessary to minimise the objective function, and every commercial flow solver may
be integrated, without any change, within the algorithm. Therefore our method
combines a low computational effort with an accurate and flexible flow computation.
Furthermore, this method is independent from the kind of problem, i.e. we can solve
a different optimisation problem, using the same algorithm and the same routines, just
changing the objective function. To test the method, we have chosen an inverse design,
because it is particularly useful to demonstrate the efficiency of the technology with a
direct comparison between the target geometry and the reached one, but of course any
direct optimisation problem could be solved applying this methodology.
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